Derivation of the Korteweg-deVries equation for an operator with a mixed spectrum  by Goldberg, Wallace & Hochstadt, Harry
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 105, 199-205 (1985) 
Derivation of the Korteweg-deVries Equation 
for an Operator with a Mixed Spectrum * 
WALLACE GOLDBERG 
Queens College, Flushing, New York 11367 
AND 
HARRY HOCHSTADT 
Polytechnic Institute of New York, Brooklyn, New York 11201 
Submitted by S. M. Meerkov 
We consider the Hill’s equation 
Y” + [A - q(t)] y = 0 
with a z-periodic potential function q(t). The discriminant of (1) is given by 
d(A) = Eli + y;(z) where yi and y2 are the solutions of (1) which satisfy 
y,(O) =y;(O) = 1 and y;(O) = y*(O) = 0. The values of A for which d(l) = *I2 
will be denoted by {A,}? and it is known that 
Intervals of the form (A,,-, , A,,) and (-co, &) are called instability 
intervals. Goldberg [ 1 ] and Lax [6, 71 showed that all but n of the finite 
instability intervals of (1) will vanish if and only if the potential function q(t) 
satisfies the 2&h-order KortewegAeVries equation 
n+1 
c CkSkW = 0, 
k=O 
where C, is a constant and S,(t) is generated by 
so= 1, 
s;,, =- 4s;’ + qs; + +4’s,. 
(2) 
(3) 
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Hochstadt and Goldberg [5] have recently shown that when n finite 
instability intervals of (1) fail to vanish, specification of the endpoints of 
these nonvanishing intervals {A,}: together with the point spectrum {,u~): of 
L, = -y” + q(t)y 
Y(O) = 0, y’(0) = -1 
(4) 
(5) 
leads to a unique construction of q(t). In the same article it was also shown 
that q(t) can be constructed uniquely if {ok}:, the point spectrum of (4) with 
boundary conditions 
y(0) = cos a, y’(0) = -sin a, a # n/2, (6) 
is specified together with {A,}:. In this article we will show that the 
potentials constructed in [5] must satisfy the appropriate Korteweg-deVries 
equation (2) whether or not a = n/2. We also offer an additional derivation 
of (2) which clearly identifies the constants C, in terms of the 1,. 
To achieve the above we consider the related equation 
u”+ [A-q(ttr)]u=O. (7) 
By ui(t, r) and u2(t, t) we denote the solutions of (7) which satisfy u,(O, r) = 
u;(O, r) = 1 and u;(O, r) = u,(O, t) = 0. The simple Hill’s spectrum {&} and 
the discriminant A(L) are unchanged by shifts in z [3], but the point spectra 
{pi}: and {oi}: are r dependent [4]. In [5] it was shown that when a = n/2 
a,#, t) 
dn, 7) = 7j- 
4 -A’(L) 
L+1(~) ’ 
where 
an(4 r> = i (A -Pi@)) 
i=l 
and 
(8) 
When OT # 7r/2, it can be similarly shown that 
22+(x, r) tan Q t E uz(n, r) = e&l, 5) 
4 -A*(l) 
L+,(A) ’ 
(9) 
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where en@, T) depends on {Oi}l. By inserting (8) into (9) we obtain 
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1 a 
e,@, t) = a&I, 7) tan CI + - - 2 a7 %(A, 7) 
which relates {,q}‘f to {ui}: and which leads us to conclude that e,@, z) is a 
polynomial in 1 of degree n when a! # 0 and deg(e,) = n - 1 when a = 0. 
Now A(l), an entire function of 1 of order f, has the following asymptotic 
representation for real 1 [3]: 
A(~)=2cos~n+2cos~72 5 ++ 
k=2 
so that 
4-A2@)=4sin2fin l-t- W2+2W-q 1 
- 8V(W+ 1) 
cos fi 71 sin fi 7z 
fl 
- 4(W2 + 2W), 
where 
and v= -f 3. 
k=l 
Therefore 
4 - A2@) 
L+,(l) = 
4sin2fi7r(l + W*+2W- V’/l)-8V(W+ 1) 
Xcosfixsinflw-4(W2+2W) 
(A - &>(A - A,) *-a (1 -A,,) 
Furthermore, it is known [ 1, 21 that 
sin fi 7r to S,(T) * Tkf@) 
u2(*I;lr37)=* fi z. Ak +cos,hn z2 7~ 
where the Sk(z) satisfy (3), so that 
2u2(7r, r) tan a + f u2(7r,7) 
(11) 
(12) 
(13) 
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GOLDBERG AND HOCHSTADT 
Rk(r) = 2S,(r) tan a + S;(s). 
The polynomial e,@, r) can be expressed in the following form. 
(14) 
a Ed4 en@, Q=A” 2 7 (E, = 0), when a = 0). 
k=O 
(15) 
Assuming a # n/2, we substitude (1 l), (13) and (15) into (9) to obtain 
4sinZ~n(l + W2+2W+ V-*/L)-8V(W+ 1) 
Xcosfinsinfirr-4(W2+2W) 
“(lA)(lA) . ..(12%) 
= (16) 
Squaring both sides of (16) and comparing common terms in the asymptotic 
series, we obtain 
1 + w* t 2w- P/I 
Noting that the terms under the radical are independent of r and depend only 
on {Ai};“, (17) is rewritten as 
From the coefficient of L -(n+ ‘) we get 
II+1 
1 G,, l-&(Z) = 0. 
k=O 
We now let C, = G,, I-k in (19) and use (14) to obtain 
(19) 
PI+1 
2 tan Q C C,S,(r) + f ‘2 C,S,(t) = 0, 
k=O k-0 
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which implies that 
n+1 
c C,S,(z) = Depzr tan a, D constant. 
k=O 
In [2], it was shown that ~~(71, r) is periodic with period rr, and from (12) it 
is clear that S,(T) is also periodic with period 71, so that D must vanish and 
we can now conclude that when a # n/2, 
PI+1 
2 c,S,(t) = 0. 
k=O 
(20) 
Since D = 0, (20) is independent of the point spectrum {uk}:. Thus the Hill’s 
spectrum {Lk)in alone relates the potential q to the Kortweg-deVries 
equation. 
Equation (20) corresponds to the result announced in [I ] where the 
constants C, were not identified. To show that (20) is identical with (2), we 
must show that their coefficients agree. To accomplish this, we let g(x, E) be 
the Green’s function which satisfies 
g” + [A - q(x + T)] g = 6(x - E), 0<&<27C 
g(O) = gWh g’(0) = g/(27?). 
(21) 
A standard calculation [2] shows that 
g(x) = g(x, 0) = 
242(x, T) - 2$(x - 272, T) 
4-42(L) * (22) 
From our hypothesis, the only simple zeros of 4 - A’(l) are A,, , A, ,..., Lzn, all 
others are double so that 
4-Az(~)=(Iz-~o)(Iz-~,)... (Ln,,)f’(~). (23) 
From (12), (22) and (23), we have 
m = U,(% 5) - 4(-T z) 4-A2(L) 
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Now g(x) must be a meromorphic function of /1 and since boundary value 
problem (21) is self-adjoint, g can only have simple poles. Therefore, each 
side of (24) must be an entire function. Using (23), we rewritef(1) as 
f(A)= J 4 -A*@) J 
4 -L12@) 
(a-io)(a-a,)...(a--a*,)= L,l@) * (25) 
From (lo), we see that 
It follows that the right-hand side of (24) is O(A”), so that by Liouville’s 
theorem, it must be a polynomial of degree rr in 1, say, 
(26) 
From (24) and (25), we now have 
= PAA r> 
J 
4 - 42(a) 
b,,+,(J) ’ 
(27) 
Using (26) and (11) in the right-hand side and following (16) through (19), 
we conclude that 
nt1 
c Gn+,-,Sk(7)=o 
k=O 
must be satisfied. This clearly is identical with (20). 
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When a = 7r/2, we substitute (12) into (8) to obtain 
Using (11) for the radical and squaring both sides of (27) and of (28), a 
comparison of coefficients of sine terms yields 
We also note that since 2T,*(r) = Tk+ (r) - Tk(r), a comparison of cosine 
terms yields the by-product 
z-k+(r) = -T;(r). 
It is now obvious that (28) is equivalent to (27) and leads us to (20) in the 
same manner. Here, too, we see that (20) is independent of the point 
spectrum {,uk}: and only depends on the Hill’s spectrum {A,}?. By matching 
coeffkients of Ak in (29), one can recover the trace relations referred to in 
[51 and PI* 
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